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Abstract. The holomorphic invariants introduced by Futaki as obstruction to the asymptotic 
Chow semistability are studied by an algebraic-geometric point of view and are shown to be the 
Mumford weights of suitable line bundles on the Hilbert scheme of P™ . 

These invariants are calculated in two special cases. The first is a projective bundle ¥(E) over 
a curve of genus g > 2, and it is shown that it is asymptotically Chow polystable (with every 
polarization) if and only the bundle E is slope polystable. This proves a conjecture of Morrison 
with the extra assumption that the involved polarization is sufficiently divisible. Moreover it 
implies that ¥(E) is asymptotically Chow polystable (with every polarization) if and only if it 
admits a constant scalar curvature Kahler metric. The second case is a manifold blown-up at 
points, and new examples of asymptotically Chow unstable constant scalar curvature Kahler 
classes are given. 



1. Introduction 

The existence on a compact complex manifold of a constant scalar curvature Kahler (cscK) 
metric is a central problem in Kahler geometry and has been approached with a variety of 
geometric and analytical methods. While one can look for cscK metrics in arbitrary classes, 
major interest has been attracted by classes that are first Chern classes of ample line bundles. 
This is because of a conjecture of Yau [32] . Tian [30] [3~T] and Donaldson [7J which relates 
the existence of a cscK metric in the first Chern class c\{A) of an ample line bundle A on a 
manifold M, to the GIT stability of the polarized manifold (M, A). More precisely the Yau-Tian- 
Donaldson conjecture states that a manifold M admits a constant scalar curvature Kahler metric 
in the class c\(A) if and only if (M, A) is K-polystable. The K-stability has been introduced by 
Tian |30| and then reformulated in a purely algebraic-geometric way by Donaldson [7J. While 
the "only if" part of the conjecture has been proved thanks the works of Tian [30], Donaldson 
[7J , Arezzo and Pacard [2] , Stoppa [28] and Mabuchi [TTJ [19] , the "if" part is widely open in 
general and has been proved only in the case of toric surfaces by Donaldson [8], and in the case 
of projective bundles over a curve thanks to the works of Narasimhan and Seshadri [22J, Ross 
and Thomas [25] and Mabuchi [171113] . 

The K-stability is not the only GIT stability notion related to the existence of cscK metrics. 
Assuming that M has no nontrivial holomorphic vector fields, Donaldson has proved that the 
existence of a cscK metric representing c\ (A) implies the asymptotic Chow stability of (M, ^4) 
[6]. Mabuchi has extended this result removing the hypothesis on the automorphisms and 
introducing a compatibility hypothesis between the polarization A and Aut(M) [16] . Finally 
Futaki, Ono and Sano showed that the Mabuchi's hypothesis is equivalent to the vanishing 
of certain holomorphic functionals, depending only on the polarization class ci(A), defined 
on the space of holomorphic vector fields with zeros of M [11]. These invariants have been 
previously introduced by Futaki as an obstruction to asymptotic Chow semistability jO] . Since 
they generalize the classical Futaki invariant, we will call them higher Futaki invariants. 
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As shown by Donaldson [7j and Paul and Tian [23], the original Futaki invariant has a purely 
algebraic-geometric nature and it is the Mumford weight of the so-called CM line Acm on the 
Hilbert scheme Ti of ¥ N . We will show (section [3]) that the same is true for the higher Futaki 
invariants. 

Theorem 1.1. Let T~L be the Hilbert scheme of subschemes of¥ N with Hilbert polynomial x- For 
every i = 1, . . . , degx there are Q-line bundles \qm,i on 7~L such that the higher Futaki invariant 
Fi is the Mumford weight of Xcm,i- 

Furthermore we calculate the Chow weight and the higher Futaki invariants for two classes 
of manifolds: projective bundles over curves of genus at least two and blowups at finite sets 
of points. In the first case (section [4]) we will show that the higher Futaki invariants are all 
proportional to the Futaki invariant. This, together with results of Narasimhan and Seshadri 
|22j and Mabuchi [16J, is the main ingredient to prove the following 

Theorem 1.2. A projective bundle ¥(E) over a curve of genus g > 2 is asymptotically Chow 
polystable w.r.t. some (and hence any) polarization if and only if E is slope polystable. 

This proves a conjecture of Morrison with the extra assumption that the involved polarization 
is sufficiently divisible |20t Conjecture 5.10]. Actually Morrison's conjecture deals also with 
Hilbert-stability, but we know that Hilbert-stability and Chow stability asymptotically coincide 
thanks to a result of Mabuchi |18| . We notice that one direction of a generalization of the 
Morrison conjecture to higher dimensional base manifolds has been recently proved by Seyyedali 
[27j using technics different than ours. On the other hand a recent result due to Apostolov, 
Calderbank, Gauduchon and T0nnesen-Friedman [lj states that ¥(E) admits a cscK metric in 
some (and hence any) Kahler class if and only if E is slope polystable. Thus we get the following 

Theorem 1.3. A projective bundle ¥(E) over a curve of genus g > 2 is cscK if and only if it 
is asymptotically Chow polystable w.r.t. some (and hence any) polarization. 

In the case of blowups (section [5|) , we will give a formula for the Chow weight and higher Futaki 
invariants in terms of data on the base manifold. That formula, together with a result of Arezzo 
and Pacard [3j, provides many new examples of asymptotically Chow unstable cscK classes. In 
particular we give the details in the case of P 2 blown-up at four points in special position. 

Proposition 1.4. Let M be the projective plane P 2 blown up at four points. If all but one are 
aligned, then M admits an asymptotically Chow unstable cscK polarization. 

Thus asymptotically Chow unstable cscK classes exist already in dimension two. To the best of 
our knowledge, the unique example of this kind previously known was the asymptotically Chow 
unstable Kahler-Einstein 7-dimensional toric manifold studied by Ono, Sano and Yotsutani |23j . 
Finally it is worth to notice that, thanks to a theorem of Zhang [33J, such manifolds admit no 
balanced embeddings (see [6] for a definition) for each sufficiently high power of the polarization. 
This is clear from the construction, but it is not a trivial consequence of definition of asymptotic 
Chow unstability. The point is that one might still have an unbounded sequence of powers of the 
polarization which are balanceable. However, to the best of the authors' knowledge, examples 
of such a phenomenon are not know. 
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3. Higher CM lines 

Let (V, A) be an ra-dimensional polarized variety or scheme. Given a one parameter subgroup 
p : C* — > Aut(V) with a linearization on A, and denoted by w(V, A) the weight of the C*-action 
induced on A top H°(V,A) we have the following definition, essentially due to Mumford [21] : 

Definition 3.1. When A is very ample and without higher cohomology, the (normalized) Chow 
weight of the given action is the rational number 

Ch ow(^) = ^il-M£4) 
X(V,A) ao(V,AY 

where a and b are defined by w(V, A k ) = b (V, A)k n+1 + 0(k n ) and X (V, A k ) = a (V, A)k n + 
0(k n ~ l ) as k > 0. 

Clearly w(V,A) and bo(V,A) depend on the fixed action p and its linearization on A. On the 
other hand Chow(V, A) depends only on the action and it is insensible of the chosen linearization 
on A (see Proposition 13. 21 below). In the following we leave these dependences always understood 
since they will be clear from the context. 

We are interested in the asymptotic behavior of Chow(V, A k ) when k grows. By the general 
theory, at least for > 0, we have polynomial expansions 

n 

(1) X (V,A k ) = J2a e (V,A)k n - e , 

71+1 

(2) w(V,A k ) = ^2 b dV,A)k n+1 - e , 
whence we get easily 

rh (v A*\ - . "Q^- 4 ) V- °o(^ ^ W A) - bo(V, A)a e (V, A) x _ t 

Chow ( y,A)_ ^ Ak) +—^-^ k . 

When V is smooth, using equivariant cohomology theory we can express b n +i(V,A) by an 
integral of an equivariant characteristic class (see the proof of Proposition 13. 2|) , and localization 
formula gives b n +i(V,A) = [10, Theorem 5.3.11]. In general the non- vanishing of turns 
to be related to non-reduced components of V. For example if V is a projective space with 
a sufficiently non-reduced scheme structure, then a direct calculation of w(V, A k ) shows that 
b„.+i 7^ 0. 

Proposition 3.2. In the situation above, for I = 1, . . . , n let 

„, VA s aoiy, A)b e (V, A) - b (V, A)a e (y, A) 

ao(V, A) z 

Fg(V, A) does not depend on the linearization on A, moreover if V is smooth, then F^(V,A) is 
the i-th holomorphic invariant discussed in lllj . 



Proof. Changing the linearization of the given C*-action on A has the effect to shift the weight 
w(V, A k ) to w(V, A k ) + ckx(V, A k ) for some integral constant c. Thus be(V, A) shifts to be(V, A) + 
cae(V, A), and it is easy to see that Ft(V,A) is unchanged. 
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To prove the second assertion we assume V smooth and we use the (equivariant) Hirzebruch- 
Riemann-Roch theorem in the same way as Donaldson proves that F\ is nothing but the Futaki 
invariant up to a constant [7j. Let w be a S^-invariant Kahler form representing c\{A) and 
fix a moment map cf>, so that uj + <p represents the equivariant first Chern class of A in the 
Cartan model of the equivariant cohomology [U Moreover let be the curvature of the 
Chern connection V of the Kahler metric associated to co, and let A = Vx — Lx where X 
is the holomorphic generator of the given C*-action and Lx denotes the Lie derivative. The 
operator A defines an endomorphism of the holomorphic tangent bundle and + A represents 
the equivariant curvature of the fixed Kahler metric. 

By the equivariant Hirzebruch-Riemann-Roch theorem (5J Theorem 8.2] we know that the char- 
acter of the induced representation on ® i>0 H l (V, A k )^~ 1 ^ 1 (here by the power —1 we mean the 
dual) is given by the integral of a suitable equivariant characteristic forms. On the other hand 
by ampleness of A we have H l (V,A k ) = for alH > as k y?> 0. Thus we get 



w(V,A k 



d_ 

dt 



t=o JV 



td(G + iA) 



/ ^e fcaJ td(G) + / e kul ^~ 
Jv Jv dt 



td(G + iA) 



t=o 



1=0 

±k^~ 



UJ 



n-l 



1=0 



v T (n-£)\ 

n-l 



td|(9) + kn ~ 



E=0 



n-t 



{n-l) 



td /+ i(0 + A) 



V 



{n-l) 



td<(0) + 



n+l-t 



v (n + l-i)\ 



td e {@ + A) , 



and 



X {V,A k )= / e^td(e) = Tk 
Jv 



n-l 



1=0 



n-l 



v {n-l)l 



tdt{G). 



Let cf> = bo{V, A)/ao{V, A) = {J y ^) f v <f>^- be the average of 4>, we have 



F t (V,A) 



^r^(Q) , Jv-$^. t M® + A) 



+ 



JV n\ JV n\ 

which are essentially the coefficients of polynomial expansion (4) of [11] if we assume 



0. □ 



We can use the Chow-Mumford weight introduced above and test configurations [7, 26J to define 
the (asymptotic) Chow stability. 



Definition 3.3. A test configuration {X, L) - 
{M, A) consists of a scheme X endowed with a 
X, and a flat C*-equivariant morphism f : X — 



C of exponent k > of a polarized manifold 
^-action that linearizes on a line bundle L over 
C (where C* acts on C by multiplication) such 



that L|^-i(o) is ample on / (0) and we have (/ (l),L|y-i(i)) ~ (M, A ). 
When (M, A) has a C*-action p : C* -> Aut(M), a test configuration where X = M x C and C* 
acts on X diagonally through p is called product configuration. A product configuration endowed 
with the trivial C*-action on M is called trivial configuration. 

Clearly the central fiber (/ _1 (0), L|j-im)) of a test configuration is a polarized scheme endowed 
with a C*-action. 



Definition 3.4. The polarized manifold (M, A) is called 
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• asymptotically Chow semistable if there is a k$ > such that for each test configura- 
tion of exponent k > ko the Chow weight of the induced action on the central fiber 
(/~ £| /-!(())) is l ess than or equal to zero; 

• asymptotically Chow polystable if it is semistable and the Chow weight is zero if and only 
if we have a product configuration; 

• asymptotically Chow stable if it is polystable and every product configuration is trivial. 

• asymptotically Chow unstable if it is not semistable. 

With the notations introduced above, the main theorem of [TU] becomes 

Theorem 3.5 (Mabuchi). Let (M, A) be a polarized n-fold admitting a cscK metric representing 
c\{A), then (M, A) is asymptotically Chow polystable if and only if for every C* -action linearizing 
on A we have Fp(M, A) = for all i = 1, . . . , n. 

Paul and Tian |24] have shown that the Futaki invariant is the Mumford weight (in the sense of 
GIT) of the line bundle Acm over the Hilbert scheme T~L of the subschemes of with Hilbert 
polynomial 

X(k) = a k n + a x k n ~ x + ■ ■ • + a n . 

In the same way the invariant is the Mumford weight of the line bundle Aqm,^ which is 
constructed as follows. 

Let / : U — > % be the universal (flat) family over 7i. By general theory there is an embedding 
i : U — y H x P^ and / factorizes through it: / = pr% o i. Moreover let C = b* o pr^ N OpN(l) 
be the relative very ample line bundle on U obtained by restriction of the hyperplane bundle on 
each fiber of /. 

Thanks to the relative very ampleness of C, the cohomology H°(U X , of the fiber of / over 
x 6 % is isomorphic to the fiber over the same point of the direct image f*{C k ), at least 
for k sufficiently large. Indeed, with this assumption, by flatness hypothesis the direct image 
f*(£ k ) is a locally free sheaf on 1-L [121 Proposition 7.9.13], and by relative ampleness we have 
H q (U x ,C k ) = for all q > so that the fiber f*(£ k ) x is naturally isomorphic to H°(U X ,C X ) by 
[13} Theorem 12.11] as claimed. Thus we conclude that 

(3) rk /*(£*) = dim H°(U x ,C k x ), 

(4) detU(C k )\ x = detH°(U x ,£ k ), 

for all x G % and k S> 0. Since dimH°(U x ,£ k ) coincides with the Hilbert polynomial x(^); we 
have an expansion 

(5) rk/*(£ fc ) = a k n + a^' 1 + ■ ■ ■ + a n for k » 0. 

Now consider the determinant of the locally free sheaf f*{C k ) for k big enough. As an easy 
corollary of a result due to Knudsen and Mumford |14l Proposition 4] , we have 

(6) det f*{£ k ) = fif +1 ® nf ® • • • ® 
where fj,Q, . . . , fi n +i are Q-line bundles on H. 

Definition 3.6. The Chow-line on the Hilbert scheme H is defined by 

IchowfaC) =det/*(£)^izy g,^. 
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Combining Q and ([5]), always for k S> 0, we get the asymptotic expansion 
\ch<m,(H,£ k ) = I det/*(L fc )^ <g>/i 




i " / j_ 
£=1 V 

Definition 3.7. The £-th CM-line on the Hilbert scheme T~L is defined by 

-A- J 

^cu/CH, £) = Vt° ® Mo a ° • 

For ^ = 1 we recover (a rational multiple of) the CM-line introduced by Paul and Tian 
Since SL(N + 1, C) acts naturally on H and U making equivariant all maps introduced above, C 
comes equipped with a natural SL{N + 1, C)-linearization and expansion ([6]) holds in the sense 
of linerized bundles. Hence the Acm,£ are linearized bundles. Fix a one parameter subgroup of 
SL(N + 1, C), and let x € % be a fixed point, moreover set V = U x and A = C x . Thus we are 
in the situation of definition 13.11 and are defined bi(V, A) as in ([2]). On the other hand by 
the Mumford weight of det f*{C)\ x is nothing but w(V, A k ), thus by ([6]) the Mumford weight 
of fj,£ over x must be bg. This proves the following 

Proposition 3.8. The invariants Chow and Fi are the Mumford weights of the lines \chow an d 
^CM,e respectively. 

4. Projective bundles over curves 

Let E be a genus g > 2 smooth curve and let £ be a rank n > 2 vector bundle on E. Let 
M = ¥(E) be the projective bundle associated to E and denote by tt : M — > E the projection. 
Each line bundle on ¥(E) has the form L = 0^^{r) (g) tt*B, where 0p(£)(l) the fiberwise 
hyperplane bundle, B is a line bundles on E, and r G Z. Assume that r and S are such 
that L is ample. The pair (M, L) turns to be an n-dimensional polarized manifold, and if 
E = E± © • • • © E s is the (unique up to the order) decomposition in indecomposable vector 
bundles, then every C*-action on ¥(E) is induced by a fiberwise action on E of the form 

i-(ei,...,e a ) = (t Xl ei,...,t x °e s ), 

with Xj 6 Z. Finally let Ao be the weight of a fiberwise C*-action on B. 

Proposition 4.1. In the situation above we have 

< n -i+kr\ x (s,det (E®B~r\) s 

Chow(M, L k ) = — ~~T~~f 7 " xxx E A ^ rk (^i) " , 

n + 1 v(E®B-r) x \E,S kr (E*®BrU ~i 

where fi(F) = deg(F)/ rk(F) is the slope of the bundle F, and. 

Remark 4.2. Although E B~~ might not be a genuine vector bundle on E, its Chern classes 
are well defined as well as the formula above. 

Proof. By Definition 13.11 of Chow weight we need to calculate x{M,L k ) and w(M,L k ). By 
projection formula we have 7T*(L*0 ~ S kr E* <g> B k equivariantly, thus *(M, L k ) = x(E, S kr E* ® 
£> fc ) and w(M, L fe ) = w(E, S^-E* <g> £ fc ). 



SCALAR CURVATURE AND STABILITY OF PROJECTIVE BUNDLES AND BLOWUPS 



7 



Thus, by Hirzebruch-Riemann-Roch theorem and equalities 



?kr _ ( n ~ 1 + kr\ , c kr-^*\ fn — l + kr 



rk(5^)=^ ^ j and c l( ^) = -^ ^ )n(E) 

we have 

X (M,L k ) = J ch(S kr E*)ch(B k )td(X) 



[ Cl {S kr E*)+Tk{S kr E*) f Cl (B k ) + rk(S kr E*) [ 
7s 7s 7s 



ci(S) 



s 2 



n — 1 + kr 
kr 



(1-g- krn(E) + k deg(B)) . 



To calculate w(M, L k ), which is equal to w(E, S kr E* <g) B k ) as noticed above, we use the Equi- 
variant Hirzebruch-Riemann-Roch theorem. We have to integrate the degree (2, 2) component 
of the equivariant class ch(S kr E*) ch(B k ) td(S) (here we are using the same notations as non- 
equivariant case since we deal only with equivariant classes until the end of the proof). Since 
the given fiberwise actions on E and B cover the trivial action on S, the equivariant class 
td(S) = 1 + '^p~ nas no degree (2, 2) part. On the other hand by tedious but elementary 
calculation we get 



ch 2 (S kr E*) =( n + kr ) c ^ E )- 2c ^ E ) + fn-l + kr\ Cl (EY 
\ kv 1 / 2 



kr-2 



hence 



MM, L-) = f WE') + / ^P)S® + f c^E'MB*) 
7s 7s 2 J-£ 

+ ik{S kr E*) I Cl (B k )^p- + rk(S kr E*) [ Cl ^ 2 
7s 2 Jy. 



s 2 

2 



n + kr\ f c\ (E) — 2c 2 (E) fn — 1 + kr\ f c\{E) 



kr - 1 7 7 S 2 \ kr-2 

n — 1 + kr\ f c\(E)c\{Tj) fn — l + kr 



kr — 1 J 7s 2 \ kr — 1 y j s 



ci(E) Cl (B) 



J n -l + kr \ r Cl (B) Cl (E) fn - 1 + kr\ 2 / Cl (£?) 2 
+ V fcr 2 + V fcr ) k k—2— 

We will use the Cartan model of equivariant cohomology to calculate the equivariant charac- 
teristic numbers above. To this end, fix an 5 1 -invariant Hermitian metric on each Ej of the 
decomposition E = E±(B- ■ - ®E S . The sum of such metrics gives an Hermitian metric on E, whose 
equivariant curvature of the compatible connection has the form 6 + A, where = Gi © • • • Q s 
is the direct sum of non-equivariant curvatures of the fixed metrics on the E/s, and A is the 
endomorphism of E represented by X\Ii © • • • © A s / S , being Ij the identity on Ej. By equivariant 
Chern-Weil theory we have a(E) = [tr(Q) + tr(A)] and ci{E) 2 - 2c 2 (E) = [2tr(QA) + tr(A 2 )], 
and by construction tr(A) = Ylj=i r ^-( E j) an d tr(GA) = Ylj=i tr(Gj). In the same way, if 
we fix an Hermitian metric on B with curvature u, we have C\(B) = [oj + Aq]. We calculate 
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«'<^> - (r- t 1 r )X tr(eA)+ ("^ r ) tr(A) X tr(e) 



"-J-r)^jC^-("i l - + . ir >(^ + ^- 

(n — 1 + kr\ \kr{n + kr) f , n , . kr(kr — 1) &r , ... 

( * )[^WA tr(eA) + ^^rr itr(A) '' (E) "- tr(A,(1 " 9) 

-tr(A) / w -A / tr(6) + feA (l - g) + k 2 X / a;. 



n — 1 + At 
kr 



3=1 



n 



+k ( A - - tr(A) 1(1-5- Ar^(£) + fc deg(B)) 



By Definition 13. 1\ subtracting from the ratio w(M, L k )/x(M, L k ) the linear term in k, we get 



Chow (M,L k ) = 

kr l-g + deg(E) - 2 deg(£) 



n(n + 1) (fi(E) - 1 deg(B)) (1 - <? - krfi(E) + fc deg(5)) ^ 
and the thesis follows. □ 
At this point we recall the following 

Definition 4.3. A vector bundle E over a smooth curve S is called 

• s/ope semistable if ^(i 7 ) < /i(-E') for every subbundle F C E, 

• slope stable if fJ.(F) < fi(E) for every subbundle F C E, 

• s/ope polystable if i£ decomposes as = E\ © • • • © E s where the Ej's are stable vector 
bundles satisfying n(Ej) = /j-(E). 

We also recall that for every line bundle B on S we have fi(E ® B) = fJ,(E) + deg(.B), thus E is 
slope (semi/poly) stable if and only if E ® B is. 

Thanks to Proposition 14.11 the invariants Fg_ defined in the statement of Proposition 13.21 can be 
easily calculated in the considered case. 

Corollary 4.4. In the situation above we have Chow(M, L k ) = if and only if Fg(M, L) = 
for some (and hence any) t = l,...,n. More precisely there are rational constants Cg > 0, 
depending only on n, such that 

(7) F t (M, L) = _ c x(^et(E®B-j)) £ _ ^ 

^{E®B-r) 2 jzj 

In particular Fg(M, L) = /or a// C* -actions if and only if fi(Ej) = fJ,(E) for all j = 1, . . . , s. 
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„n+l-£ - m x(M,L k ) 
a 

i , 



Proof. By definition, F e (M,L) is the coefficient of k n+1 ~ e in fjjg^j Chow(M,L fc ). Thanks to 
Proposition 14.11 fand its proof) we have ao(M, L) = ~ ^7^r~TM~^ an d 



^ Chow(M,L ft ) = -M j -> \j rkfEj) (u(Ej) - u(E)) 

a (M,L) n + 1 \ n J ^{E ® B~ k rf ' ' ' 

Thus ([7]) is proved with constants Cg generated by 



n-l 



n ( n + 1 )i=o 

To prove the last assertion it remains to show that x(S, det(-E(>D-B~r )) is non-zero. Ampleness of 

L implies x(M, L k ) > for k > 0, but on the other hand x(M, L k ) = - deg(E ^ B ' T) k n +0(k n ~ 1 ), 
thus we get deg(l£ ® < 0. By that and g > 2 we obtain 

X(S,det(S®B _ r)) = deg(,B® + 1 - g < 0, 
and we are done. □ 

The relation between slope stability of E and Chow (and Hilbert) stability of F(E) has been 
initially investigated by Morrison |2Uj when rk(i?) = 2. He conjectured that the Chow and 
Hilbert stability of F(E) are equivalent to slope stability of E [2DJ Conjecture 5.10]. Combining 
theorems above and results of Mabuchi [TU], we get the following result which proves the Morri- 
son's conjecture for E of every rank, with the extra hypothesis that the chosen polarization on 
¥(E) is sufficiently divisible. 

Theorem 4.5. A projective bundle ¥(E) over a curve of genus g > 2 is asymptotically Chow 
(poly)stable with respect to some (and hence any) polarization if and only if E is slope (poly)stable. 

Proof. Assume that E is slope polystable. In this case from a well-known result of Narasimhan 
and Seshadri |22] it follows that ¥(E) admits a cscK metric in each Kahler class. Moreover, by 
Corollary 14.41 all the invariants Fi are zero. Thus by Mabuchi's Theorem 13. 51 ¥(E) is asymptot- 
ically Chow polystable. In particular, if E is stable then it is indecomposable and ¥(E) admits 
no nontrivial C*-actions and it is stable. 

Now assume that E is not slope polystable. This means that we have a subbundle F C E such 
that either n(F) > n{E) and E = F®E/F, or fi(F) > fi(E) and F is not a direct summand. In 
the first case, ¥(E) is not asymptotically Chow polystable since, taking the C*-action defined by 
diag(t, 1), the (asymptotic) Chow weight is non-zero thanks to Proposition 14. H In the second 
case, since F is not a direct summand of E, the exact sequence 

-» F E -> E/F 

gives a non-zero element e € Ext 1 (E/F, F) by which one can construct a non product test 
configuration for ¥(E) with central fiber isomorphic to ¥(F © E/F) and non-negative Chow 
weight (compare with Ross and Thomas |25} Remark 5.14]). We need to make explicit this 
construction to find the induced action on the central fiber and then compute the Chow weight. 
To this end, let F — > (I',d) be an injective resolution of F, so that e is represented by a map 
e : E/F — > I 1 such that d o e = 0, and for all z € C the element ze is represented by the map ze. 
Thanks to the assumptions the sequence 

-> F -> 1° © E/F -> E/F -> 0, 
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where the second arrow is the inclusion in 1° and the third is the projection on F/F, is exact. 
Now consider the map ip : 1° © E/F © C ->• I 1 defined by ip(a, u, z) = d(a) + ze(u) and let £ be 
its kernel. Clearly £ projects over E/F © C, and for all (/, z) 6 F © C we have ijj(f, 0, z) = 0, 
thus we have the sequence 

-> F ©C -> £ -> F/F © C -> 0, 

which restrict for every z € C to the extension of E/F by F represented by ze 6 Ext 1 (F/F, F). 
Since £ is invariant for the C*-action on 1° © F/F © C defined by i • (a, u, z) = (ta, u, tz), the 
projectivization ¥(£) —> C gives a non-product test configuration for P(F) with central fiber 
P(F © F/F) acted on by C* via diag(i, 1). Thanks to Proposition 0J] the Chow weight of that 
configuration is non-negative, thus P(F) is not polystable. □ 

The slope stability of F is related to the existence of cscK metrics on P(F) as stated in the 
following 

Theorem 4.6 (Apostolov, Calderbank, Gauduchon and T0nnesen-Friedman pQ). A projective 
bundle P(F) over a curve of genus g > 2 admits a cscK metric in some (and hence any) Kdhler 
class if and only if E is polystable. 

Thus by theorems 14.51 and 14.61 we get the following 

Theorem 4.7. A projective bundle P(F) over a curve of genus g > 2 is cscK if and only if it 
is asymptotically Chow polystable w.r.t. some (and hence any) polarization. 

Theorem above gives a new proof of the Yau-Tian-Donaldson conjecture for projective bundles 
once one shows that F-(poly)stability is equivalent to asymptotic Chow (poly)stability in this 
case. This is a subtle purely algebraic problem. On the other hand we notice that in this case 
the YTD conjecture follows by known results. Indeed by Ross and Thomas |25l Theorem 5.13] 
and Theorem 14.61 the K-polystability of P(F) implies the existence of a cscK metric, and by 
[17\ [19] if P(F) admits a cscK metric, then it is F-polystable. 



5. Blow-up of points 

Let (M, L) be a polarized manifold of dimension n > 2. Let S = {p±, . . . ,p s } C M be a set of 
points and consider the blow-up 

P : M -> M 

of M at S with exceptional divisors Ej = f3~ 1 (pj). Let m, a\, . . . , ct s be positive integers such 
that the line bundle L = f3*L m <S> 0{— J2j=i a j^j) ^ s am ple on M. Moreover suppose given a 
C*-action on M that fixes every pj. This induces an action on M that makes j3 an equivariant 
map, and it is known that any C*-action on M has this form. Since each exceptional divisor 
Ej is invariant, the associated line bundle 0(—Ej) has a natural linearization, so that L is a 
linearized line bundle. Finally let ui be a S^-invariant Kahler form representing ci(L), and let <f> 
be a moment map for oj. The choice of <f> is equivalent to fix a linearization of the given action 
on L. Finally let ae(M,L) and bg(M,L) be defined as in ([1]) and ([2]). 

Theorem 5.1. In the situation above, assume that (M,L) is asymptotically Chow polystable. 
Let X(pj) be the total weight of the isotropy action on T Pj M. We have 

Chow(M,L fe ) = — V . V^M,^'-', 
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where 

(8) F ti M, L) = ^ ± {,, (2) - w (2) A(p,)) , 



L> = deg(M, L) — X^=i (^7) 71 > 0, and jfe,<# are polynomial functions defined by 
ft (x) = Ds n „ e x n ~ e - [n\ a £ (M, L) - s n _ £ "~' 



9e{x) 



\ i=l 

Ds n+1 -ix n+1 ~ l - xf e (x) 



n + l 

and Sh are non-negative rational numbers, depending on n, generated by ( n+ ^7 1 ) = ^2h>o ^T - - 

Proof. We start fixing some notations. Let Xj C Om be the ideal sheaf of the point pj, and 
let Z C M be the subscheme cut out by Iz = X® 1 • • • Xf a ■ For k sufficiently large we have 
P*0(-kJ2j=i<Xj E j) = T z and &P*0(-kl?j=i<XjEj) = for all i > 0. Thus, by projection 
formula we get H°(M, L k ) ~ H°(M,X k g> L mk ) equivariantly and IP{M,I% ® L mk ) = for all 
i > 0, hence we have to calculate the dimension and the weig ht of H°(M,X Z <g> L mk ). To this 
end we consider the equivariant exact sequence 

-> X k z ® L mk -> L mfc -»• L mfc /2:I <8> L mfc -> 0, 
and the induced sequence 

(9) -> H°(M,1% ® L mfc ) -> tf°(M, L mfe ) -> H°(M, L mk /X k z ® L mfc ) -> 0, 

which is equivariant and exact by considerations above. The sheaf L mk jX z ® L mfc is supported 
on S, and we have the equivariant isomorphism 

fl°(M, L mfe /Xl O L mfc ) -0L™ fc ® Sym d T p *M , 

3=1 \ d=o / 

where C* acts on L Pj with weight —<j){pj) and on T*.M with total weight —\(pj). Thus, by easy 
calculations we get 

X (M, L mk /X| ® L mfc ) = £ / " + " ' ' 

3=1 

and 



ayfc — 1 



(10 , » ( m, » 1-) = - £ [(- ;t - « w) + (- ;t - ') 

Moreover, by (jUJ) and the ampleness of L and L we obtain 
(11) X (M,L k ) = x(M,L mfc )-|;( n ^ 1 " 1 ) 



A(P. 



3) 



3=1 

n s n 

£=0 3=1 /i=0 



n / s 



(12) = E ^^^-^rE«r' P r ' 



n! 

£=0 \ 3=1 
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Since (M, L) is asymptotically Chow polystable, we can fix a linearization on L such that 
bg(M, L) = for all £ = 0, . . . , n. Indeed, we can choose the moment map <\> such that bo(M, L) = 
j M 4>uj n /n\ = 0, and in this case the asymptotic Chow polystability implies w(M,L k ) = for 
all k > 0. Thus by © and (OH we have 



w(M,L h 



E 



n + ajk-l\ , . fn + ajk — 1,, 
oyifc-l r^)+( oyifc-2 



(13) 



E 



n! 

o V 3=1 



(n + 1) 



3=1 



Thanks to smoothness of M, the first formula of the statement follows easily from definition of 
Chow(M,L fc ) and F e (M,L k ), and the identity 



a 



(M,L) Qp(M, L m ) — Y^j=i ofjfrd 



X (M, L k ) X (M, L mk ) - ("3-7^ ' 

which in turn is a straightforward consequence of equations (jlip . (|12p and s n = 1. 
Moreover, in order to get formula ([8|), we calculate 



F e (M,L k ) 



a (M, L)b e (M, L) - a e (M, L)b (M, L) 



a (M,Lf 
1 



a (M, L)b e (M, L) - ai (M, L)b (M, L) 



deg(M,L)-ZU 



m , 



(m n /n\) 2 



D~ 



deg(M,L) - £ ) ( «„-,E ^)+ 



i=l 



3=1 



+ 



n + 



r 5^ 



3=1 



i=l 



A(pj)J - \^nla e (M,L)-s n ^Yl 



,3 = 1 3 = 1 

771 



m 



,3=1 3=1 



m 



whence (IS]) follows easily. 



□ 



Remark 5.2. From formula ([5]) follows easily the asymptotic of the invariants F# in the so-called 
"adiabatic limit", m — > oo. In particular, for £ = 1 we have 



* z ) = E (2) n "' + o ( — ) . 

u 7 2deg(M,L) ^ U/ 3 \m n I 
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For each invariant point p E S, the Chow weight of the zero dimensional polarized scheme (p, L p ) 
is clearly zero by definition. On the other hand, we define 

wcw{P,L) = 0(p) — 

o (M, L) 

and we extend by linearity to each zero-cycle X^=i c jPj; with Cj € Q. Thus, recalling that 
(M, L) is assumed to be asymptotically Chow polystable, we get 

*<* L) = Wi)-™ (t TV,, ^ + o (jL) . 

The same formula has been proved by Stoppa for a wider class of test configurations of blown-up 
manifolds [29] . 

Theorem 15.11 suggests that asymptotically Chow polystability is in general lost after blowing up 
if some non-trivial C*-action still remains. Indeed it is easy to find ct\, . . . , a s and m such that 
Fi(M, L) ^ 0, at least for some i. Refining this simple remark we can show by an example that 
blowing up a cscK asymptotically Chow polystable manifold can produce integral cscK classes 
which are asymptotically Chow unstable. 

The strategy is the following. Given a Kahler manifold M, we know that the extremal cone is 
open in the Kahler cone by Lebrun and Simanca [15], and every extremal class with zero Futaki 
invariant is in fact cscK. Thus the set C of the cscK classes is open in the locus F where F\ = 0. 
Moreover, when M is a cscK manifold blown-up at some points, C is non-empty under mild 
conditions by Arezzo and Pacard [3] . If we can prove that the locus Z where F\ = ■ ■ ■ = F n = 
is a proper Zariski closed of F, and C \ Z has at least a rational point, we are done. Clearly we 
look for a rational class in C \ Z because it has to be (a rational multiple of) the first Chern 
class of a line bundle. In the example below we will show that rational points of F are in fact 
dense in the Euclidean topology. 

Example 5.3. Let (M, V) be the complex projective plane P 2 polarized with the hyperplane 
bundle, and let S = {pi,P2,P3,P4} be a set of points of M, and suppose that the pj's are all 
but one aligned. Up to a projectivity we can suppose p\ = (1, 0, 0), p2 = (0, 1, 0), p^ = (0, a, b), 
and pi = (0, a, —b) with ab ^ 0. Let (M, L) be the blow-up of M along 5 endowed with the 

polarization defined as in the general case above L = (3*L m ® O (- ajE^ . 

The unique (up to scaling) holomorphic vector field of M generates the C*-action diag(t 2 , t , t^ 1 ) 
on P 2 , thus the condition Fi(M, L) = in the Kahler cone is equivalent to a (homogeneous poly- 
nomial) equation in the variables (m,a). 

By direct calculations from formula ([8]) we get Fi(M,L) = deg(M,L)" 2 ^i(m,a), where 

(14) ^>i(m, a) = (2ai — «2 — «3 — «4)(m 3 — 3a 2 m) — (2a 2 — a\ — a| — a 2 )(3m 2 — 3aim)+ 

+ (2a\ — a\ — a\ — a|)(3m — ot\ — a<i — — 0:4), 
and F 2 (M,Z) = deg(M , L)~ 2 ^2(m, a), where 

(15) ^(m, a) = (2a\ — a<i — 03 — a^){rr? — a 2 — a| — a 2 — a 2 )+ 

- 2(2a 2 - a 2 - a| - a\)m + 2{2a\ - c? 2 - a| - a\). 

Since ipi and -02 are irreducible and in particular -02 does not divide ipi, the locus ^ / 
is non empty and Zariski open in the locus ip\ = 0. On the other hand, is easy to see that 
(1, 1,0,0,0) £ P 4 is a triple point for the quartic threefold defined by tp\ = 0, thus the set of 
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rational solutions of the equation ipi(m,a) = is dense in the euclidean topology in the locus 
ipi = 0. Since the latter is non empty by Arezzo and Pacard O Example 7.3], we get that there 
are infinitely many integral cscK classes on M which are asymptotically Chow unstable. 

Example 5.4. The argument above shows that all rational cscK classes on the blow-up of P 2 
along a set S = {pi,P2,P3} of three non-aligned points are asymptotically Chow stable. Indeed 
in this case the null loci of F\ and F2 are the same. 

More precisely, assume without loss of generality that p\ = (1,0,0), P2 = (0, 1,0), P3 = (0,0, 1) 
and let (M, L) be the blow-up of P 2 along S endowed with the polarization L defined as above. 
A set of generators for the space of holomorphic vector fields of M is now given by the fields 
associated with the C*-actions diag(i, t , 1) and diag(l, t, i _1 ) on P 2 . After a straight calculation 
involving formula ([8]), we see that F\(M,L) = if and only if 

(«i — a.2)(m — ct\ — ct2 — a^){m 2 — 2a\m — 2a2in + 03m + a\ + 0:10:2 + a 2 ) = 
(ct2 — as)(m — a\ — a.2 — a.%){m 2 — 2a%m — 202m + ct\m + a| + 0302 + a 2 .) = 

while F2(M,L) = is equivalent to 

(oi — 012) (m — ot\ — ot2 — as)(m — a\ — 02 + 0:3) = 
(«2 — a3)(m — ot\ — (X2 — as)(m + at — 02 — 0:3) = 

In order for L m to be ample, by Nakai's criterion, it must be m > 0, ctj > 0, and m + ctj > 
Qii + 012 + «3 for all j = 1,2,3, thus one immediately sees that F\(M,L) = if and only if 
F2(M,L) = 0, and both are zero if and only if either ot\ = 02 = 03 or ol\ + 02 + «3 = m 
(compare with [15\ Example 3.2]). 
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